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SUMMARY

Transport phenomena in contaminated water from waste disposal sites deposited into deep mines are
analysed in the paper. Critical transport path for pollutant migration by di�usion of contaminants and
buoyancy-driven convection of contaminated water is assumed to be in a vertical cylindrical enclosure. In
the ®rst approximation, both transport phenomena are modeled and then numerically simulated separately.
The models presented describe ion di�usion and axisymmetric turbulent convection in a vertical cylinder
with the radius R � 3.5 m heated from the sidewalls. One-dimensional di�usion equation is used for
simulating the ion di�usion in an enclosure of height H � 1000 m. Three low-Reynolds number two-
equation turbulence models contained in the FIDAP 7.5 software package were tested in our computational
simulations of the natural convection. Two typical case studies of buoyancy-driven convection represent the
aspect ratios H/R � 14.3 and H/R � 286. The former corresponds to the initial state just after deposition
of the surplus water, the latter to the whole height of the cylindrical enclosure ®lled by the underground
water. The numerical results obtained show that ion di�usion is not dangerous as far as the contamination
of subsurface water is concerned. On the other hand, it is concluded that the buoyancy-driven convection in
the enclosures with the above aspect ratios can lead to the transport of contaminants into subsurface water
and hence the protection of receiving waters from contamination must be designed. Copyright# 1999 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

Improvement of the quality of surface and subsurface water resources requires a decrease of
pollutants in the aquatic environment. In many countries, deposition of waste products into deep
mines is considered to be suitable not only from the economic point of view but also with regard
to environmental aspects. For mines which are to be abandoned and rehabilitated, it is advant-
ageous to charge for deposition of some waste products simultaneously with the rehabilitation of
the mine. Possible deposition of solid waste such as ¯y ash waste products from Czech thermal
power stations (VanõÂ cÆ ek et al., 1995), and/or waste products from nuclear power stations seems to
be one of the promising possibilities. However, deposition of contaminated water from waste
disposal sites into deep mines has not been resolved yet from geological or from hydrogeological
and environmental points of view. The standards for disposing of various waste products such as
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radioactively polluted waters, industrial sludges, ¯y ash, etc. have become more strict and hence
the solution becomes more expensive.

If uranium mining terminates, it is necessary to dispose of waste water from waste disposal
sites. There are basically two possibilities how to handle surplus water which was collected in
disposal sites of uranium mines: either to use electrodialysis and vaporization or to deposit
contaminated water into deep mines. The former possibility would consume a huge amount of
energy, the salinity of water would increase and this solution would still require to dispose of
solid waste from the process. The latter possibility is less expensive but it requires a complex
physico-chemical analysis of transport phenomena and a health risk analysis because the total
volume of collected water may be from a half million to one million cubic metres.

2. MATHEMATICAL MODELS

Mathematical models have become important tools in solving environmental issues recently,
either as research tools to identify gaps in our knowledge, or as operational tools for assessing
management strategies to protect the aquatic environment (Abbott et al., 1987; Van der Heide
et al., 1988). Hopkirk et al. (1981) dealt with coupled convective and conductive heat transfer in
the analysis of hot, dry rock geothermal sources. Nobile et al. (1989) studied the accuracy of two-
equation turbulence modelling in free convection. Ho and Lin (1990) simulated transient thermal
convection of two-¯uid layers in a horizontal circular enclosure. We describe brie¯y the models
used in our simulations in this section.

2.1. Ion transport

Mass di�usion through a region occurs by the motion of quantities of mass or chemical species
through the material. A simple model is that in which particles, of local concentration c, move
through the structure of the material in the direction of decreasing concentration. Such a
di�usion mechanism can be described by the di�usion equation (Gebhart 1993)

@c

@t
� div�Dgradc�; �1�

where D is a material parameter called mass di�usion coe�cient or di�usivity. The magnitude of
the di�usion coe�cient depends strongly on both the material through which di�usion occurs
and the di�using species, D is often also concentration dependent. In a steady state D is uniform
across the region of di�usion and in many practical situations may be considered to be constant.

2.2. Natural convection

A set of governing equations for two-dimensional buoyancy-driven ¯ows is well known for
laminar ¯ow. The equations governing the temperature-driven buoyant ¯ow of a single-phase
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viscous ¯uid are mathematical representations of the principles of conservation of momentum,
mass and energy. They consist of the following ®eld equations (Launder and Spalding 1974):

div v � 0; �2�
@v

@t
� �v � grad�v � �Dv ÿ 1

r
grad�P ÿ P0� ÿ bg�T ÿ T0�; �3�

rcP
@T

@t
� v � gradT

� �
� div�lgradT�: �4�

Here, v is the velocity, � is the kinematic viscosity, r is the density, P is the pressure, T the
temperature (P0 and T0 are the appropriate reference values), b is the thermal expansion
coe�cient, g the acceleration due to gravity, CP is the speci®c heat at constant pressure and l the
thermal conductivity of the ¯uid. The ®rst of the equations is the equation of continuity, then the
Navier-Stokes equations in the Boussinesq approximation follow, and the last one is the heat
transfer equation.

Flows of practical and industrial relevance are almost always turbulent, which means that the
¯uid motion is highly random, unsteady and three-dimensional. Due to these complexities, the
turbulent motion and the heat-transfer phenomena associated with it are extremely di�cult to
describe. Nevertheless, it is believed that the solution of the time-dependent three-dimensional
governing equations described above can model turbulent ¯ows completely. However, to solve
these equations on a computer in the turbulent case is almost impossible even on today's
supercomputers. Even they are not fast enough nor do they have the storage capacity to solve
these equations directly for the required range of length and time scales. The main reason is that
turbulent ¯uid ¯ow contains scales which are much smaller than the extent of the ¯ow region and
the computational mesh to be employed would be far beyond the capabilities of the computer. As
a consequence, turbulent motion is modeled in terms of time-averaged quantities today, rather
than in terms of instantaneous ones. The criterion for deciding whether laminar or turbulence
¯uid ¯ow should be expected in our case is the Rayleigh number

Ra � L3r2gbDTcP
�l

; �5�

where L is a characteristic length of the region, g the gravitational acceleration, and DT is a
characteristic temperature di�erence. As a threshold for the transition from the laminar to the
turbulent regime, Ra � 1010 is taken mostly.

To develop a practicable turbulent model, the ®eld quantities are divided into their average and
¯uctuating parts. The steady part is chosen to represent the ¯ow quantities during a time period
longer than the smallest events while still allowing gross changes to occur in the ¯ow. Substituting
this decomposition into the above ®eld equations and time averaging the terms we arrive to the
Reynolds equations of motion (Launder and Spalding 1974), in which, however, additional stress
terms called the Reynolds stresses occur. These additional terms represent the temporal mean of
the product of the ¯uctuations about the mean velocity and pressure and, when multiplied by
density, they are the additional stresses caused by turbulence in the ¯ow. Turbulence modeling
then refers to the process of evaluating these stresses in a feasible manner.

One of the approaches to modeling turbulent stresses introduces the eddy viscosity and evalu-
ates the Reynolds stresses by relating them to the mean velocity gradients, turbulent viscosity,
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and the turbulent kinetic energy k of the ¯ow, whose dissipation is denoted by e. The turbulent
viscosity is predicted from the solution of additional two semi-empirical transport equations for
k and e. We speak about two-equation models of turbulence in this context. The software
package FIDAP used in our numerical simulations of convection includes three most popular
two-equation models: the standard kÿ emodel of Launder and Spalding (1974), the RNG based
kÿ e variant of Yakhot et al. (1992) and Wilcox's kÿ o closure (Wilcox 1988).

In our computational model, we employ the penalty method proposed by Temam (1979) and
replace the equation of continuity by

ePP � div v � 0; �6�

where eP is the penalty, eP 4 0, eP! 0. This makes it possible to eliminate the pressure from the
remaining equations, and to avoid nearly singular or even singular matrices arising in the discrete
analogue of the mass balance equation. Physically, this can be equated to simulating the ¯ow of a
very slightly compressible ¯uid. It is possible to show (Temam 1979) that under certain
conditions we can solve the perturbed system in place of the original system without losing any
signi®cant accuracy, provided eP is small enough. We note that the pressure variable P is then
recovered by post-processing from the velocity ®eld using the perturbed continuity equation (6).

The low Reynolds number kÿ e model has been proposed for turbulence modelling, e.g. by
Nobile et al. (1989), or for temperature and concentration buoyancy e�ects by HavlõÂ k et al.
(1995). Numerical simulation of turbulent-free convection for Rayleigh numbers Ra4 1010 is
still a challenging problem due to the validity of the kÿ e formulation, the prediction of
transition from laminar to turbulent regime and the proper description of turbulence generation
and/or dissipation.

3. NUMERICAL SIMULATIONS

3.1. Ion transport

On the schematic of the underground mines (Figure 1) the dashed area represents deposition of
contaminated water from the surface waste disposal site. Typical contaminant concentrations
measured in an uranium mine near PrÆ õÂ bram (Czech Republic) are as follows: SO2ÿ

4 (960±
1345 mglÿ1), Clÿ (110±674 mglÿ1), U238 (2.6±3.5 mglÿ1) and Ra226 (410±618 mBqlÿ1). The lower
value corresponds to the raw mine water, the higher one to the contaminated surplus water. Since
over the time the lower water layer will be ¯ooded by groundwater from the mining area, the
critical path for pollutant migration is assumed to be a vertical cylindrical enclosure (diameter of
7 m).

In the ®rst approximation, ion di�usion and the natural convection can be treated separately.
Since the studied case of contaminant transport bears one-dimensional character, a 1-D di�usion
equation was used in determining the change of ion concentration in time, namely

@c

@t
� D

@2c

@z2
; �7�

where c is the concentration, t is the time, z is the vertical axis and D is the di�usion coe�cient
which is assumed to be constant. The particular values of D for our simulations were taken from
Incropera and de Witt (1990). The initial and boundary conditions are (see Figure 2) c(z, 0� � c1
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Figure 1. Schematic of the mining area

Figure 2. Vertical cylindrical enclosure modeling the shaft of the mine
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and c(z1 , t) � c1 and c(z2 , t) � c2 , in which c1 and c2 are the ion concentrations in the raw mine
water and in the surplus water, respectively. The exact analytical solution can be found in this
case (Carslaw and Jaeger 1959) having the form

c�x; t� � c1 � �c2 ÿ c1�
z ÿ z1
z2 ÿ z1

� 2

p

X1
n�1

c2 ÿ c1
n

cos�np� sin pn�z ÿ z1�
z2 ÿ z1

exp ÿ Dn2p2t

�z2 ÿ z1�2
 !

: �8�

Figures 3±5 show examples of calculated values of ion concentration for uranium and selected
ions for z1 � 0 m and z2 � 1000 m, which are assumed to be typical values for the type of mines
under consideration. It is apparent that even after 105 years the ions cannot achieve the ground
level and contaminate the surface water.

3.2. Simulation of natural convection

We simulated selected characteristic cases of natural convection in a vertical enclosure modeling a
uranium mine, which was identi®ed as the critical path for pollutant migration. The modeled
cases describe axisymmetric convection in a vertical cylinder with the diameter d � 7 m, which is
heated from the sidewalls. Due to cylindrical symmetry it was possible to perform the
computations with a 2-D model. Axial symmetry allows us to consider only the left half of the
enclosure. Two typical case studies were selected. In Case 1, the aspect ratio H/R � 14.3 corres-
ponds to the initial state just after deposition of the surplus water. In Case 2, the aspect ratio
H/R � 286 represents the whole height of the cylindrical enclosure, i.e. the ®nal state after ®lling
the enclosure by the underground water. A constant temperature gradient in the vertical direction
was assumed, ÿ0.026 K mÿ1. In the numerical simulations, the steady ¯ow in the system was
calculated.

The material parameters were measured using the samples of contaminated water from
the waste disposal site BytõÂ z near PrÆ õÂ bram (Czech Republic). Dynamic viscosity was

Figure 3. Depth pro®les of the concentration of uranium in 104 and 105 years
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0�91 � 10�3 kg mÿ1 sÿ1, thermal conductivity 0�6 W mÿ1 Kÿ1 and the density 1002.7 kg mÿ3.
The measured temperature-induced variations of volume thermal expansion coe�cient which
a�ects the buoyancy forces in the enclosure signi®cantly was in the temperature range from 15 to
258C equal to 3�3 � 10ÿ4 Kÿ1 on the average.

In the numerical studies FIDAP 7.5 computer code was employed, which is remarkably
improved as for the turbulence models compared to version 7.0 used in our previous numerical
studies (CÆ ernyÂ et al. 1996). First, we modeled Case 1 with the aspect ratio H/R � 14.3. The
Rayleigh number was based on the radius of the vertical cylinder and in both cases was as high as

Figure 4. Depth pro®les of the concentration of SO2ÿ
4 ions in 104 and 105 years

Figure 5. Depth pro®les of the concentration of Clÿ ions in 104 and 105 years
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1012. Therefore, no stable steady-state laminar solutions should be expected. We tried to perform
the numerical experiments with the laminar approximation anyway because the results could
provide a safe upper limit for estimating the velocity magnitude compared to the more correct
turbulence models, if the solution converged. In addition, we have tested three turbulence
models, namely the classical kÿ e model, the RNG model and the low-Reynolds number kÿ o
model (see FIDAP 7.5 Documentation 1995).

A set of numerical calculations was performed in order to optimize the numerical parameters
of the model, namely the number of ®nite elements, the type of iteration procedure, and the
magnitude of the pressure penalty eP, to obtain acceptable accuracy in an a�ordable CPU time.
The following optimum values were obtained: 200� 50 ®nite elements mesh, combined iteration
procedure consisting of one successive approximation and then Newton-Raphson method, the
pressure penalty eP � 10ÿ10. Particularly the pressure penalty had a remarkable in¯uence on the
accuracy of results because no convergence to a steady-state solution was achieved for any
penalties outside the interval 10ÿ11 to 10ÿ10.

In the calculations, the laminar approximation of the steady-state solution has converged very
fast in spite of the very high Rayleigh number. Only three iterations were necessary to obtain
relative accuracy in the velocities as good as 10ÿ6. Both the kÿ e and RNG models failed to
converge in modeling the turbulent steady-state solution, but the low-Reynolds number kÿ o
model converged very fast. Again, only three iterations were necessary to obtain a 10ÿ6 accuracy
in velocities. Both laminar and turbulent solutions obtained in our calculations had a very similar
velocity pattern. The typical magnitude of velocities for the turbulent kÿ omodel was by one or
two orders of magnitude lower as compared with the laminar model. From Figure 6, which

Figure 6. Velocity vector ®eld in Case 1; a section of the central part; kÿ o model
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displays a section of the central part of the enclosure, two recirculating ¯ow regions are apparent.
Figure 7 illustrates the lower part of the enclosure.

In Case 2 (aspect ratio H/R � 286), converged steady-state solutions were obtained for both
laminar approximations and the kÿ o turbulent model as in Case 1, but the character of the
solutions was slightly di�erent. We observed two separate recirculating ¯ow regions at the upper
and lower ends of the enclosure which were separated by almost zero-velocity ¯ow in the middle
part. Since the ¯ow in this middle part was in the upward direction only, the calculated ¯ow
pattern was not realistic. It should be noted that similar unrealistic ¯ow in the middle part of the
enclosure was also obtained in Case 1 when the pressure penalty was too high, typically 10ÿ6. We
have thus tried to perform the optimization of the pressure penalty value again, but optimum
pressure penalty was not found in this case because decreasing the value of eP led to numerical
instabilities.

For the sake of comparison, the calculations with the aspect ratio H/R � 1 were also done.
The structure of the ¯ow was very similar to Case 1 with H/R � 14.3. Again, both the laminar
approximation and the kÿ omodel led to two recirculating ¯ow regions, even the magnitudes of
the velocities were similar. The kÿ e model and RNG model did not achieve any converged
steady-state solution.

4. CONCLUSIONS

Transport processes in the contaminated water, which is planned to be deposited into a deep
uranium mine near PrÆ õÂ bram, were situated numerically. It can be concluded that the ion di�usion
itself cannot cause contamination of subsurface water even after 105 years. For both laminar and

Figure 7. Velocity vector ®eld in Case 1; a section of the lower part; kÿ o model
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turbulent natural convection, two recirculating ¯ow regions were obtained. Hence, it could be
believed that the pollution would not impact the subsurface water in the upper half of the
enclosure. However, the interaction between these two ¯ow regions must be taken into account,
which is impossible with the two-equations models of turbulence based on time-averaged
quantities. One of the possible approaches which could lead to adequate modeling of turbulent
¯uctuations in the contact region in the central part of the enclosure would be direct numerical
simulation (DNS) of turbulence based on the original system of governing equations. As we
noticed in Section 2.2, this is impractical for most computer facilities at this moment.

The theoretical results together with the health risk analysis can help the engineers to design a
®nal project of disposing of surplus water from the waste disposal site. Our results imply that the
construction of a Waste Water Treatment Works for the treatment of contaminated water from
the mining area is necessary in order to protect the environment from pollution.
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